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Thinning and disturbance growth in liquid films mobilized by continuous
surfactant delivery
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A generalized linear stability analysis is applied to the case of a thin liquid film propelled to spread
by a continuous supply of surfactant. The time-dependent base states for the film thickness and
surfactant concentration give rise to a nonautonomous system describing disturbance propagation.
As a first approximation, the nonautonomous operator is treated as time independent, thereby
reducing the system of equations to a standard eigenvalue problem. For the range of parameters
investigated, this modal approximation reveals a band of unstable modes corresponding to the
growth of transverse, sinusoidal corrugations. A transient growth analysis of the fully
time-dependent system, which requires the solution of an initial value problem, also signals the
possibility of large disturbance growth. In both cases, significant amplification of infinitesimal
disturbances can be traced to the region of the film most rapidly thinned by Marangoni stresses,
which is characterized by large interfacial curvature and a sharp variation in shear stress. In contrast
to previous models implementing afinite surfactant source that predict asymptotic stability, large
transient growth and asymptotic instability are possible for the case of sustained surfactant
release. ©2003 American Institute of Physics.@DOI: 10.1063/1.1623489#
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I. INTRODUCTION

Previous investigations of disturbance growth in line
ized models of spreading films coated by a finite, insolub
and dilute surfactant monolayer have failed to predict
existence of asymptotically unstable modes,1–5 despite the
prevalence of surfactant-induced instabilities in numer
experimental systems.6–9 These theoretical studies hav
shown that disturbances localized near the advancing m
layer front can undergo a brief period of rather large trans
growth caused by significant variations in surfactant conc
tration and film curvature. This growth is strongly su
pressed, however, once perturbations convect upstream
ward the region of the film most sharply thinned by t
initial Marangoni stresses following surfactant depositio
An earlier study4 examined the combined influence of va
der Waals forces and Marangoni stresses on the stabilit
spreading films. Significant initial amplification of distu
bances was obtained followed by a similar suppression
observed in previous studies. Once the film was observe
thin beyond some critical height, however, disturbance a
plification resumed and exceeded the values establishe
early times. Unfortunately, numerical instabilities associa
with the onset of film rupture prevented exploration of t
asymptotic behavior at long times.

It is uncleara priori which assumptions of the nativ
model that predicates a finite, insoluble and dilute surfac
source are responsible for the lack of sustained trans
growth or unstable modes at late times. In this paper,
assumption of a finite source, which leads to the diminut
in time of the driving force responsible for spreading, is

a!Electronic mail: stroian@princeton.edu
3831070-6631/2003/15(12)/3837/9/$20.00
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stead replaced by continuous surfactant delivery such
the total mass disbursed scales with time ast1/2. This relation
corresponds to the maximum rate of advance possible b
insoluble surfactant monolayer.10 By comparison with a fi-
nite source, the base-state film thickness and concentra
profiles support a higher degree of film thinning and inter
cial curvature for the same range of capillary and Pec
numbers.

The time-dependent base states for the film thickn
and surfactant concentration give rise to a nonautonom
system of equations for disturbance propagation. As a
approximation, the nonautonomous operator is treated
time independent, thereby reducing the identification of
most unstable mode to a standard eigenvalue problem.
the range of parameters investigated, this modal approxi
tion reveals a range of wave numbers corresponding to
growth of transverse, sinusoidal corrugations. A transi
growth analysis of the fully time-dependent system, wh
requires the solution of an initial value problem, also sign
the possibility of large disturbance growth. In both cases,
significant amplification of infinitesimal disturbances can
traced to the region of the film most rapidly thinned by M
rangoni stresses, which is characterized by a large interfa
curvature and a sharp variation in shear stress. This ana
provides further evidence that sustained film thinning
continuous surfactant delivery, which causes a local bot
neck in surfactant transport along the air–liquid interfa
leads to the ultimate destabilization of the spreading film
lateral film corrugations.

II. GOVERNING EQUATIONS

The spreading model consists of a Newtonian liquid w
viscosity m* , densityr* , and initial uniform thicknesshc*
7 © 2003 American Institute of Physics
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contacted by a monolayer of insoluble surfactant. The ini
~nonuniform! surfactant distribution extends a distanceLc* ,
as shown in Fig. 1. The uncontaminated region is represe
by a ~higher! surface tensions0* . The coated region is rep
resented by a~lower! surface tensionsm* corresponding to
concentrations at or above the critical micelle concentra
Gm* . The maximum spreading pressure is thereforeP*
5s0* 2sm* . Utilizing the lubrication approximation and
linear equation of state relating surface tension to the sur
tant surface concentration~the dilute approximation!, the di-
mensionless evolution equations for the film thickne
H(x,z,t) and surfactant concentrationG(x,z,t) in the limit
of negligible Bond number Bo5r* ghc*

2/P* are given
by3,10

]H

]t
5“"F1

2
H2

“G2
C
3

H3¹3HG , ~1!

]G

]t
5“"FGH“G2

C
2

GH2¹3H1
1

Pes
“GG . ~2!

Both the rectilinear streamwise (x) and transverse (z) coor-
dinates have been scaled byLc* and the film thickness and
surface concentration are scaled byhc* andGm* , respectively.

The two controlling dimensionless parameters are
inverse capillary numberC5«3sm* /(m* uc* )5«2sm* /P* and
the surface Peclet number Pes5uc* Lc* /Ds* where «
[hc* /Lc* and Ds* is the surfactant surface diffusion coeffi
cient. The characteristic flow speed is determined by the
ance of Marangoni and viscous forces according touc*
5«P* /m* . The convective time scale is set by the ra
Lc* /uc* 5m* Lc*

2/hc* P* . Because this ratio scales asLc*
2,

the initial extent of the monolayer, the characteristic tim
scales can be quite small, requiring longer integration tim
to establish significant film thinning and interfaci
curvature.

FIG. 1. Schematic diagram of the initial configuration at the outset
spreading. A Newtonian liquid characterized by a viscositym* , densityr* ,
and initial thicknesshc* is coated by an insoluble, dilute surfactant mon
layer that initially extends a distanceLc* . Surfactant is continually supplied
at the origin to the spreading film such that the total surfactant mass
creases asM tot(t)5Mta, wherea51/2.
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A. Base-state solutions for time-dependent source

Jensen and Grotberg10 were the first to solve Eqs.~1! and
~2! for the base-state profiles,H0(x,t) and G0(x,t), in a
rectilinear geometry. They first considered the limit of pu
Marangoni flow (C51/Pes50) to determine the similarity
scalings inherent to the spreading process. Self-similar s
tions of the form

H0~x,t !5h0~j,t ! and G0~x,t !5
g0~j,t !

tb , ~3!

were obtained in the transformed variablej5x/ta. The total
mass of surfactant disbursed for continuous surfactant de
ery was described by

M tot~ t !5E
0

`

G0dx5Mta, ~4!

whereM is time invariant. The advection of a finite amou
of surfactant is represented bya50; time-dependent deliv-
ery corresponds to the casea.0.

The constraints of self-similarity and boundedness
G0(x,t) imposes on Eqs.~1!, ~2!, and~4! the algebraic rela-
tions

a5
1

3
~11a! and b5

1

3
~122a!, ~5!

whereb>0. The limit a51/2 andb50 corresponds to the
maximum rate of surfactant propagation. This limit esta
lishes the focus of this work.

Self-similarity can no longer be enforced with the incl
sion of capillary forces and surface diffusion. Nonethele
the transformations in Eq.~3! still provide a convenient co-
ordinate system from which to view the evolution of th
spreading film. For sufficiently smallC and large Pes , the
solutions will approach a self-similar form. These variab
transformations reduce Eqs.~1! and ~2! to

t
]h0

]t
5ajh0j1

1

2
~h0

2g0j!j2
C

3t4a21 ~h0
3h0jjj!j , ~6!

t
]g0

]t
5ajg0j1bg01~g0h0g0j!j2

C
2t4a21 ~g0h0

2h0jjj!j

1
tb

Pes
g0jj . ~7!

These coupled equations are subject to the following bou
ary conditions atj50 and`:

h0j~0,t !50, h0jjj~0,t !50, and

g0j~0,t !52
aM

h0~0,t !g0~0,t !1tb/Pes
, ~8!

h0~`,t !51, h0j~`,t !50, and g0~`,t !50. ~9!

The boundary conditions forh0 in Eq. ~8! specify film sym-
metry about the origin. The constraint ong0j(0,t) in Eq. ~8!,

f

n-
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3839Phys. Fluids, Vol. 15, No. 12, December 2003 Thinning and disturbance growth in liquid films
which follows from the requirement of continuous surfacta
delivery, is determined by integrating Eq.~7! by parts and
utilizing the time invariance ofM5*0

`g0dj. The second se
of boundary conditions in Eq.~9! imposes a quiescent an
surfactant-free liquid film far downstream of the spread
monolayer. The initial conditions specified att51 are given
by

h0~j,t51!51 and

g0~j,t51!5S 1

2
jw

2 21/PesDexp~2j/jw!. ~10!

These initial distributions exactly satisfy the boundary co
dition for g0j(0,t) specified in Eq.~8!.10

Equations~6! and ~7! were simultaneously solved usin
the method of lines11 that implements second-order center
differences for the spatial derivatives and a fully implic
Gear’s method for the time derivative.12 The spatial domain
was discretized with a nonuniform mesh, concentrating m
points near the origin and in the vicinity ofj50.1, where the
film undergoes severe and rapid film thinning. Figure
shows the evolution in time of the base-state variablesh0 ,
g0 , andg0j at t51, 10, 102, 103, 104, 105, and 106 for a
51/2, jw51/4, Pes51000, andC51024. As the grid spac-
ing nearj50.1 decreased, the solutions converged to th
shown Fig. 2. For the particular solutions shown, a spa
domain of length 1.5 was discretized with 920 grid poin
which created grid spacings ofDj51024 nearj50.1 and
Dj5531023 in the downstream region of flow.

As evident in Fig. 2, the nonuniform distribution of su
factant causes liquid flow toward the uncontaminated reg
The Marangoni forces pull liquid and surfactant toward t
region of higher surface tension, resulting in a large ridge
the advancing front and a sharply thinned region fromj
50 to j50.15. The thinning behind the monolayer fro
slows the advection of surfactant past this region—th
coupled with the continuous delivery of surfactant, cause
rise ing0(j50,t). The surfactant bottleneck established ne
j50.10 also produces a local spike ing0j(j50.10,t). At
long times, the film thickness and concentration profiles c
lapse to a universal curve whose shape is strongly gove
by the self-similar solutions for purely Marangoni flow.10

Continuous surfactant delivery witha51/2 generates
substantial film thinning fort>104. Of interest to this work
is the effect of this rapid film depletion and the subsequ
spike ing0j(j50.10,t) on film stability. The linear stability
analysis focuses on the amplification of disturbances at th
longer time scales. Shorter times can be examined by ad
ing the parameterjw , which controls the initial mass of sur
factant deposited on the liquid film.

B. Disturbance equations for time-dependent source

Disturbances in the the height,H̃(x,z,t), and concentra-
tion field,G̃(x,z,t), which are periodic in the direction trans
verse to the flow (z) and characterized by wave numberQ,
are considered. In the transformed coordinate system,
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H̃~x,z,t !5C~j,t !eiQz and G̃~x,z,t !5
F~j,t !

tb eiQz.

~11!

Linearization of the governing evolution equations leads
the coupled system forC(j,t) andF(j,t):

t
]C

]t
5ajCj1

1

2
~h0

2Fj12h0g0jC!j2
~Qta!2

2
h0

2F

2
C

3t4a21 @~h0
3Cjjj13h0

2h0jjjC!j

2~Qta!2~3h0
2h0jCj12h0

3Cjj!1~Qta!4h0
3C#,

~12!

FIG. 2. Numerical solutions of the unperturbed~base-state! profiles for
times t51, 10, 102, 103, 104, 105, and 106, a51/2, Pes51000 andC
51024: ~a! film thickness,h0(j,t), ~b! surface surfactant concentration
g0(j,t), and~c! surfactant concentration gradientg0j(j,t).
P license or copyright; see http://pof.aip.org/pof/copyright.jsp
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t
]F

]t
5ajFj1bF1~g0g0jC1h0g0jF1h0g0Fj!j

2~Qta!2h0g0F2
C

2t4a21 @~g0h0
2Cjjj

12g0h0h0jjjF!j2~Qta!2
„~g0h0

2!jCj

12g0h0
2Cjj…1~Qta!4g0h0

2C#1
tb

Pes
@Fjj

2~Qta!2F#. ~13!

The decoupling of thej and z coordinates in Eqs.~12!
and ~13! leads to a linearized set of equations simply e
pressed in matrix form, according to

t
]u

]t
5A~ t !"u, ~14!

whereu5@C,F# is the disturbance vector andA(t) the ma-
trix propagator. The temporal dependence ofA arises
through the explicit time dependence introduced by the
ordinate transformation as well as the implicit time depe
dence of the base-state variablesh0(j,t) and g0(j,t). The
boundary conditions applied to these disturbance equat
at j50 andj5` are given by

Cj~0,t !50, Cjjj~0,t !50, and Fj~0,t !50, ~15!

Cj~`,t !50, Cjjj~`,t !50, and F~`,t !50. ~16!

Only the slope but not the amplitude ofC(j,t) is required to
vanish asj→` in order to allow for bounded spatial osci
lations far from the spreading front, where the film has
uniform thickness of unity. An eigenvalue analysis th
implements this type of condition will capture the continuo
spectrum corresponding to capillary wave disturbances
the flat film.13,14 Inclusion of the continuous spectrum is e
sential for understanding the complete eigenspectrum
has been shown to be critical in other unbounded fr
surface flows such as the thin-film flow over topography.14

III. EIGENSPECTRUM FOR STATIONARY
DISTURBANCE OPERATOR

The nonautonomous nature ofA(t) in Eq. ~14! prevents
computation of the most unstable modes by a standard ei
value analysis. The base-state solutions shown in Figs.~a!
and 2~b!, however, approach self-similar form fort.104,
which allows for the possibility of investigating the stabili
of a ‘‘quasisteady’’ system. As a first approximation, the
the full time-dependent matrix is converted to stationa
form A(tc), where tc lies within the range where the bas
states start collapsing onto a common shape. All terms on
right-hand sides of Eqs.~12! and~13! are therefore evaluate
as constants and the identification of the most unsta
modes simply requires a calculation of the leading eigen
ues of A(tc). This approximation can be interpreted as
probe of the ‘‘instantaneous’’ stability of the spreading film

Because of the factort that precedes the partial deriva
tive in the termt(]u/]t) of Eq. ~14!, the disturbances ar
assumed to evolve in algebraic fashion according to
Downloaded 28 Oct 2008 to 131.215.237.157. Redistribution subject to AI
-

-
-

ns

a
t

n

nd
-

n-

,
y

he

le
l-

C~j,t !5c~j!tb and F~j,t !5f~j!tb, ~17!

which reduces Eq.~14! to

bû5A~ tc!"û, ~18!

whereû5@c,f# represents the disturbance vector. Algebr
growth is assumed in order to remove the time depende
on the left-hand side of Eq.~14!, but exponential growth can
be recovered with the transformationt→ ln t. The growth rate
b for a given disturbance wave numberQ is determined by
solving Eq.~18!. These modes determine the eigenspectr
of A(tc).

For unbounded domains (0,j,`), there exist addi-
tional solutions corresponding to the continuo
spectrum.13,14 Unlike discrete modes, which are required
decay asj→`, the continuous modes allow for bounde
spatial oscillations like capillary waves far from the sprea
ing front. An estimate of the growth rate of these modes c
be obtained by considering the limiting behavior of Eqs.~12!
and ~13! as j→`, whereh0(j→`,t)51, g0(j→`,t)50,
Cj(j→`,t)50, and F(j→`,t)50. The substitution of
these limiting values reduces Eq.~12! to

bc52
C

3tc
4a21 ~cjjjj22Q2tc

2acjj1Q4tc
4ac!. ~19!

Sinusoidal disturbances of the formc;eisj yield the disper-
sion relation,b(Q), governing the locus of the essenti
spectrum,

b52
1

3
Ctc

124as42
2

3
Ctc

122aQ2s22
1

3
CtcQ

4. ~20!

Within the stationary approximation, this result confirms th
capillary wave disturbances at the domain boundaryj→`
are stable for all wave numbers. The maximum growth ratb
occurs in the limits50, which defines a wave of constan
amplitudec~j! whose growth rate is given by

b52
1

3
CtcQ

4. ~21!

The eigenvalues and eigenvectors of Eq.~18!, which
correspond to the disturbance growth ratesb and shapesc~j!
andf~j!, respectively, were calculated with the sparse eig
value solverEIGS in MATLAB . The derivatives of the distur
bance functions were discretized on the same mesh use
the base flow calculation with second-order centered dif
ence formulas. Figure 3 shows how the disturbance gro
rate b is affected bytc for wave numbers 0<Q<3.0. For
timestc,53104, the system is stable to disturbances of a
wave number. If the system of equations is instead ‘‘froze
at a later timetc>53104, then unstable modes develop.

Figures 4 and 5 depict the growth rates and disturba
amplitudes,c~j! andf~j!, for two choices oftc correspond-
ing to ‘‘stable’’ and ‘‘unstable’’ configurations. Fortc5104,
the dispersion curve shown in Fig. 4 clearly shows that
system is stable to disturbances of wave number 0<Q
<3.0. No unstable modes are evident beyond this rang
wave number. At low wave numbers, the largest eigenva
is dominated by the continuous mode solution specified
Eq. ~21!. This mode corresponds to a bounded capilla
P license or copyright; see http://pof.aip.org/pof/copyright.jsp
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3841Phys. Fluids, Vol. 15, No. 12, December 2003 Thinning and disturbance growth in liquid films
wave and is designated by the abbreviation ‘‘CW’’ in Fi
4~b!. In contrast to the discrete modes, the continuous mo
c andf display some structure in the upstream region wh
the film has undergone significant thinning, as well as in
downstream region at the advancing ridge and beyond.
wave numbers greater thanQ'0.9, the largest eigenvalu
instead corresponds to solutions of the discrete eigens
trum. The associated eigenfunctions only show a structur
the thinned region nearj50.1 and vanish everywhere els
as seen in Figs. 4~b! and 4~c!.

Once the base-state solutions evolve pastt553104, the
film thinning nearj50.1 becomes significant. When the re
evant operator is frozen attc5105, the dispersion relation
shown in Fig. 5 signals the presence of unstable modes
0.5<Q<2.1. The maximum growth rate occurs atQ'1.3,
which slightly decreases astc increases. As with the solu
tions for tc5104, the largest eigenvalue for low wave num
bers is controlled by the continuous spectrum. An exampl
this bounded capillary wave is shown in Fig. 5~b! and is
designated by the abbreviation ‘‘CW.’’ As before, the co
tinuous modesc and f display a clear structure in the up
stream region, where the film has undergone significant t
ning, as well as in the downstream region at the advanc
ridge and beyond. For wave numbers larger thanQ'0.4, the
largest eigenvalue is instead controlled by the discrete s
trum. The associated eigenfunctions,c~j! andf~j!, peak in
the vicinity of j50.1, and vanish everywhere else.

IV. AMPLIFICATION PROFILES FOR
TIME-DEPENDENT DISTURBANCE OPERATOR

There is no reference frame that renders the base-
profiles shown in Fig. 2 time independent because the ca
lary and diffusion terms preclude self-similar solutions. T
nonautonomous nature ofA(t) in Eq. ~14! therefore requires
that the linear stability be investigated through a generali
stability analysis. Farrell and Ioannou15,16 suggest that for
nonautonomous systems the first Lyapunov exponent, w
reduces to the spectral abscissa in autonomous syst
should be monitored. This calculation, however, is compu

FIG. 3. Numerical solution of the instantaneous growth rate,b(Q,tc), for
disturbances with wave numbers in the range 0.0<Q<3.0. The timetc

denotes the time at which the linear operator is held stationary for an ev
ation of the associated eigenspectrum.
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tionally difficult because of the large number of grid poin
needed to resolve the base-state solutions shown in Fig.

An alternative analysis reduces the system to an ini
value problem and the results are therefore dependent on
shape, location, and time at which disturbances are app
Because the base states are time dependent, disturb
growth must be measured relative to these evolving b
states.5,17,18 For instance, a system in which the base sta
decay in time appears unstable when perturbations either
plify or decay at a slower rate than the base states. Simila
a system appears stable when disturbances decay or am
at a slower rate than the amplifying base states. This in
sification or dissipation of the disturbances relative to
base states is quantified by the amplification ratio

lu-

FIG. 4. Numerical solutions of disturbance~a! growth rates,~b! film shapes,
c~j!, and~c! concentration profiles,f~j!, for tc5104. The dashed line in~a!
traces out the growth rates associated with the continuous modes~capillary
waves!, as given by Eq.~21!. The dotted line in~a! represents a subdominan
mode corresponding to the discrete spectrum. Other parameter value
a51/2, Pes51000, andC51024.
P license or copyright; see http://pof.aip.org/pof/copyright.jsp
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R~ t !5F Ed~ t !

Ed~ t i !
G Y F Eb~ t !

Eb~ t i !
G , ~22!

where the energy of the base state,Eb(t), and applied dis-
turbances,Ed(t), are normalized by the corresponding va
ues at a reference timet i . While a calculation of the first
Lyapunov vector and exponent provides a more rigor
definition of stability for nonautonomous systems,16 the ap-
proach outlined here helps isolate the features of the b
state profiles that enhance perturbation growth.

The amplification ratio defined by Eq.~22! requires
specification of the measure for monitoring the production
dissipation of energy. Because the film thickness and sur
tant concentration are coupled variables that both determ
the spreading velocity, it is physically appealing to conside

FIG. 5. Numerical solutions of disturbance~a! growth rates,~b! film shapes,
c~j!, and~c! concentration profiles,f~j!, for tc5105. The dashed line in~a!
traces out the growth rates associated with the continuous modes~capillary
waves!, as given by Eq.~21!. The dotted line in~a! represents a subdominan
mode corresponding to the discrete spectrum. Other parameter value
a51/2, Pes51000, andC51024.
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single measure of amplification and growth associated w
the actual kinetic energy contained in the flow. The heig
averaged kinetic energy of the flow per unit wavelength
the transverse direction,l52p/Q, is given by

Eb[
1

2l E
0

lE
0

`

u^v0&u2djdz and

Ed[
1

2l E
0

lE
0

`

u^ṽ&u2djdz, ~23!

where the subscriptsb andd denote the energy of the bas
state and disturbance, respectively. The magnitude of
base-state velocity vector is given byu^v0&u and that of the
disturbance velocity field byu^ṽ&u. All height-averaged quan
tities are denoted by angular brackets. The base-state ve
ity fields in the streamwise (u0) and transverse direction
(w0) are given by

^u0&52
1

2ta1b h0g0j1
C

3t3a h0
2h0jjj ,

~24!
^w0&50.

~The vertical component is negligible within the lubricatio
approximation.! The disturbance velocity fields are given b

^ũ&5F2
1

2ta1b ~h0Fj1g0jC!1
C

3t3a ~2h0h0jjjC

1h0
2Cjjj2Q2t2ah0

2Cj!GeiQz,

~25!

^w̃&5F2
1

2tb h0F1
C

3t2a h0
2~Cjj2Q2t2aC!G iQeiQz.

To make a comparison with the stationary results o
tained in Sec. III, it is useful to evaluate the amplificatio
ratios,R(t,t i), at timest i5tc5104 and 105. To fortify this
comparison, the initial conditions for the disturbance fun
tions are chosen to be the discrete modes~with the largest
eigenvalue! obtained from the modal analysis. Att5t i ,
these perturbations were applied to the system and Eqs.~6!,
~7!, ~12!, and ~13! were simultaneously solved using th
method of lines.11,12 The results that follow were found to
converge on a nonuniform mesh consisting of 920 poi
with grid spacings ofDj51024 near j50.1 and Dj55
31023 in the downstream region of flow.

Figure 6 shows the energy amplification ratioR(t) for
perturbations of four different wave numbers witht i5104

and 105. As evident, the system undergoes an initial stabi
ing response whent i5104. This response is not entirely un
expected because the earlier modal calculation demonstr
stability for tc5104. With increasingt, the smaller wave
number disturbances amplify while those withQ>3.0 un-
dergo rapid decay. By the timet5106, R(t) increases by
nearly a factor of 300 for the wave functionQ51. This
behavior is consistent with the earlier modal analysis wh
b.0 for a restricted set of wave numbers. Additionally, t
critical time at which the transient growth intensifies is sim

are
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lar to the critical time for unstable growth obtained with t
stationary approximation~see Fig. 3!; in both cases, pertur
bations grow whent'53104.

When disturbances are applied to the spreading film
later timet i5105, there is no initial stabilizing response b
a rapid increase inR(t), as evident in Fig. 6~b!. By t i

5105, the base-state solutions for the film thickness sho
in Fig. 2~a! indicate a significant dip nearj50.1, and the
modal analysis predicts instability for a selected band
wave numbers. Figure 7 depicts the growth of disturban
with Q51 applied att i5105. As time elapses, the distur
bances remain localized in the upstream region of the fl
where the film significantly thins. Furthermore, the amp
tudes ofC and F increase in time, coinciding with the in
crease ofR in Fig. 6~b!. In Fig. 7~c! is shown the superpo
sition h(j,z,t)5h0(j,t)1dC(j,t)sin(Qz) of the base state
h0(j,t) and disturbance profileC(j,t) for t553105 and
Q51 with d50.05. This total height profileh(j,z,t) is only
shown on the domain 0<j<0.15 in order to accentuate th
unstable structures located in the thinned region behind
advancing front. Disturbances applied prior tot i553104 are
found to exhibit similar behavior as those applied att i

5104. Specifically, the perturbations undergo an initial s
bilizing response coinciding with the local decrease inR(t).
For times greater thant'53104, the system develops sub
stantial amplification of modes localized to the region n
j50.1, which is expected to produce deep transverse co
gations in the spreading film.

FIG. 6. Numerical solutions of the normalized~energy! amplification ratios
for disturbances with wave numbers 0.5<Q<3.0 applied to the spreading
film at times ~a! t i5104 and ~b! t i5105. Other parameter values area
51/2, Pes51000, andC51024.
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V. DISCUSSION

Both the stationary~modal! approximation, as well as
the fully time-dependent linear stability analysis, indica
that the source of instability lies in the upstream region of
film, which is characterized by a deepening furrow. This d
leads to a bottleneck effect that slows the advection of s
factant past this region. The continuous delivery of surfact
at the origin exacerbates this effect. Ahead of the furro
surfactant is pulled toward the uncontaminated region of
film by a forward Marangoni flow. At the furrow, there de

FIG. 7. The evolution of~a! C(j,t) and ~b! F(j,t) for Q51 and t i

5105. ~c! The total height profileh at t553105 for Q51. Other parameter
values are given bya51/2, Pes51000, andC51024.
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velops a stagnation point ing0 accompanied by a significan
variation in g0j . As the furrow thins, this effect intensifie
and leads to instability.

In previous work on Marangoni spreading propelled b
finite surfactant monolayer, a full transient analysis revea
that the region of high curvature and rapid change ing0j at
the leading edge of the advancing ridge was responsible
significant disturbance amplification5 at early times. In this
study, disturbances were applied to different regions of
spreading film. As these disturbances traveled upstream,
underwent rapid amplification while advecting past the thi
ened portion of the film at the capillary ridge. The syste
was found to restabilize, however, as these disturbances
grated farther upstream. Although the disturbances also
calized to the thinnest region of the film, where their spe
sharply decreases, it was found that the transient amplifi
tion could not be sustained and the amplification ratioR(t)
rapidly decayed thereafter.

In this present study, which allows continuous surfact
delivery, the spreading film not only develops a region
high curvature and rapid change ing0j at the advancing cap
illary ridge, but also in the upstream portion of the flow,
shown in Fig. 2. When disturbances finally localize to th
region, there is apparently enough surfactant behind the
row to destabilize the flow. As the furrow continues to th
the maximum shear stress, which is proportional
(2g0j), increases in time, leading to continued growth
R(t).

VI. CONCLUSION

In this study we examine film thinning and disturban
growth in thin liquid films mobilized to spread by a contin
ous delivery of an insoluble, dilute surfactant monolayer. T
total mass of disbursed surfactant scales with time ast1/2.
The associated rate of delivery corresponds to the maxim
rate of advance possible by an insoluble surfactant mo
layer spreading on a thin viscous film. While the base-s
solutions for the film thickness and surfactant concentra
in the pure Marangoni-driven limit allow for self-similar co
lapse under an appropriate variable transformation, the in
sion of capillary forces and surface diffusion precludes fu
time-independent base states. The linearized operator as
ated with this set of equations is therefore nonautonom
and a straightforward eigenvalue analysis to determine
most unstable modes is not possible.

Both an eigenvalue analysis on the stationary nona
nomous operator and a full transient study demonstrated
turbation growth once the base-state film profile sufficien
thinned and the concentration gradient in this region w
highly curved. Disturbances were shown to preferentially
calize in this thin region behind the advancing front a
those characterized by a selected band of wave num
grew. These results provide evidence that sustained film t
ning by continuous surfactant delivery, which causes a lo
bottleneck in surfactant transport along the air–liquid int
face, leads to the ultimate destabilization of the spread
film by lateral film corrugations.
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In order to examine the linear stability of the full time
dependent model of a spreading film continuously supp
with surfactant, initial conditions on the spatial structure
the perturbations were required. There are many s
choices possible. This study has focused on the set of in
conditions derived from the eigenvectors of the associa
stationary matrix. Simulations with Gaussian-type pertur
tions ~such as those used in linear stability studies on
spreading of a finite amount of surfactant2,3,5! demonstrate
similar perturbative growth; namely, disturbances sign
cantly amplify once the upstream region of the base-s
develops sufficient film thinning and a strong variation in t
concentration gradient. Further studies, however, should
amine the effect of varying the initial conditions on the sp
tial and temporal evolution of the disturbance fields.

A comparison of these results to experimental obser
tions is difficult due to the lack of quantitative data availab
on the formation of fingering patterns. Parameter estimate
the literature forhc* , P* , m* , andLc* ~Refs. 7–9! suggest
~dimensional! characteristic time scales ranging fro
1023– 10 s. The perturbative growth observed in this stu
would therefore suggest dimensional onset times for fing
ing ranging from 10– 105 s. The onset times for instability
however, also strongly depend onjw in Eq. ~10! because this
parameter determines the initial mass of surfactant. Additi
ally, the large parameter space for the theoretical comp
tions hinders a direct comparison to experimental meas
ments. This work, however, clearly shows that unsta
structures preferentially grow in the thinned film region b
hind the advancing front, as experimentally observed.6–8

Film thinning and destabilization by purely attractiv
van Waals interactions are well known.19–21 It will be inter-
esting to determine if the inclusion of an additional force th
promotes film thinning in a nonlinear fashion will drive in
stability at even earlier times in the spreading process. S
larly, replacing the dilute approximation by a more realis
constitutive equation for the surface tension as a function
concentration should also strongly influence the onset t
for large transient growth.
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